In life it is so easy to have too much of a good thing. This is how I felt after a first reading of "Using Counter Examples in Calculus", by John Mason and Sergiy Klymchuk.
An expert might dismiss such examples as trivial, their familiarity is, after all, a hallmark of their expertise. The student might well find constructing such a counter example a significant challenge. The point of the book is to provoke teachers to take such examples more seriously, to use them in their teaching and as a result to encourage students into a mathematical playfulness through which they raise conjectures for themselves. For example, I rather dismissed 3.12 with a constant function. [a,b] then it cannot take its absolute maximum or minimum value infinitely often.
If a function is continuous on
Well, the constant function isn't the solution given in the very detailed discussion of this statement. Their example has different maximum and minimum values, not a requirement of the given statement, but perhaps the sort of supplementary question one might choose to use with a group of students in a discussion. Is such a function necessarily constant? The bulk of the book is a detailed discussion of each statement, with a variety of counter examples and further constraints or conjectures to consider.
All this moves away from giving the answer the teacher wants, or seeing the answer as unique, to building confidence with these basic concepts.
All the statements are carefully chosen, based on educational research and experience of teaching calculus/analysis. I recognized among them many of the misconceptions students cling to. The book also acts as a very useful catalogue of such examples and statements, for example when planning such a course.
Book Review…Using Counter Examples in Calculus, John Mason and Sergiy Klymchuk -Chris Sangwin
The book itself has three parts. The problems second, and discussions third. The first part is an extended rationale for the work, with references to the educational research literature, and support for this approach from mathematicians such as Alfred Norman Whitehead, and educators such as George Polya. This is a particular strength of the book. It is much more than a traditional textbook along the lines of "I taught this course and it went rather well". The rationale for the approach is articulated, argued and supported, then carried through. This is probably not suitable as a course textbook for students. I doubt many would have the necessary self control not to skip straight to the discussion. They will miss the pleasure in the struggle of working out the answers for themselves. Instead this is a rather provocative resource for teachers, somewhat out of the mainstream. It is excellent. I suspect most teachers of calculus could find some novel useful material here. But, I doubt that trying these questions only one or twice will have any appreciable effect. Indeed, there may be a "hump" to get over in terms of students' expectations of what a mathematics question should look like. However, I'm certainly going to use this as a resource when I next teach calculus, and try to collect together similar sequences of statements for my other courses. An exclusive diet of these might be too rich for my students, but a moderate regular dose will certainly add something more interesting to the more routine practice exercises and predictable closed questions. This is a rather provocative resource for teachers, somewhat out of the mainstream. It is excellent. I suspect most teachers of calculus could find some novel useful material here. But, I doubt that trying these questions only one or twice will have any appreciable effect. Indeed, there may be a "hump" to get over in terms of students' expectations of what a mathematics question should look like. However, I'm certainly going to use this as a resource when I next teach calculus, and try to collect together similar sequences of statements for my other courses.
